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Abstract This paper considers the effect of time de-
lays on the saturation control of first-mode vibration
of a stainless-steel beam. Time delay is commonly
caused by measurements of the system states, trans-
port delay, on-line computation, filtering and process-
ing of data, calculating and executing of control forces
as required in control processing. The method of mul-
tiple scales is employed to obtain the analytical solu-
tions of limit cycles and their stability and to inves-
tigate the bifurcations of the system under considera-
tion. All the predictions from analytical solutions are
in agreement with the numerical simulation. The ana-
Iytical results show that a delay can change the range
of the saturation control, either widening or shrink-
ing the effective frequency bandwidth. Thus, vibration
control of a beam can be achieved using an appropri-
ate choice of the delay in a self-feedback signal. From
the examples illustrated, this paper provides a positive
example that time delay can also be utilized to sup-
press vibration in systems when time delay cannot be
neglected.
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1 Introduction

Nonlinearities are responsible for unusual phenomena
in the presence of internal or external resonance. In
real applications, the vibration of a primary system
is often kept below a critical value when the system
is subjected to an external excitation. Thus, various
types of controllers are developed so as to channel
the excess energy from excitation to the slave system
in order that vibration in the primary system be sup-
pressed. One of the novel methods for vibration con-
trol is taking advantage of the saturation phenomenon,
which is observable in the forced vibrations of cou-
pled two-degree-of-freedom systems with modal in-
teraction. This is because the saturation controller has
its attractive feature. With the primary resonance oc-
curring in the system and the amplitude of the forc-
ing term increasing beyond a critical value, the satu-
ration controller can produce a large-amplitude low-
frequency response by the internal resonance. Thus,
the excess energy from the excitation is absorbed so
that the amplitude of the primary system ceases to in-
crease any further and remains constant (saturates).
Such energy transfer can ensure that a large-amplitude
low-frequency response will not exist in the primary
system.
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Problems relating to the design of saturation con-
troller have attracted attention for a long time. Hax-
ton and Barr [1] proposed the first passive vibration
absorber based on the two-to-one auto-parametric res-
onance technique. This technique amounts to attach-
ing a cantilever beam with a tip mass to the primary
system. When the system is forced at resonance, the
absorber could effectively limit the amplitude of the
main mass vibration by properly tuning the frequency
of the beam. Practically, it is difficult to design an ef-
fective passive vibration absorber since the ratio of the
internal resonances may not be exactly controlled. In
fact, the mechanical controller may induce not only
quadratic but also higher order nonlinearities. An effi-
cient alternative for vibration suppression is the active
vibration control approach. Nayfeh, Mook and Mar-
shall [2] were first to utilize the saturation phenom-
enon when analyzing the coupling between the roll
and pitch motions of ships. They suppressed success-
fully the vibration of the system for a wide range of
frequencies. When the amplitude of excitation is in-
creased beyond a critical value, the response amplitude
of the primary system is saturated at a specific value.
Excess energy from excitation is channeled to the sec-
ond slave system due to the switching of internal reso-
nances. Later, the saturation phenomenon was demon-
strated experimentally by Haddow et al. [3], Nayfeh
and Zavodney [4], Nayfeh and Balachandran [5], and
Oueini et al. [6]. Some practical controllers devel-
oped through this strategy include analog electric-
circuit controller [7], digital signal [8], piezoelectric
patches [9] and Terfenol-D [10]. A so-called saturation
control method [9, 11] was used to suppress steady-
state vibrations of a dynamical system by connect-
ing it to a second-order controller with quadratic po-
sition coupling terms. Recently, Pratt et al. [12] de-
signed a refined nonlinear vibration controller by us-
ing a quadratic velocity coupling term in the controller
and adding a negative velocity feedback to the system.
They employed the saturation phenomenon and inter-
nal resonance conditions to control the transient and
first-mode steady-state vibrations of a cantilever beam
using PZT patches as actuators and sensors. Saguran-
rum et al. [13] used numerical simulations to demon-
strate how full modal coupling, due to the presence of
piezoelectric actuators, affects the response and per-
formance of a saturation controller applied to a uni-
form cantilever beam. Their results suggested that the
modal coupling had a significant effect on the beam
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response, which was not present when modal coupling
was neglected. In [14], Shoeybi and Ghorashi consid-
ered a plant consisting of a Permanent Magnet Direct
Current (PMDC) motor and introduced a second-order
nonlinear controller with a quadratic control law, re-
sulting in a two-degree-of-freedom system. The sin-
gular point analysis was used in order to study the lo-
cal stability of the steady-state solutions. It was shown
that the closed-loop system exhibited different sta-
bility regimes. Then, Shoeybi and Ghorashi [15] ex-
tended their research to consider the effect of dry fric-
tion on the response and stability of a system with an
active vibration absorber operating on the basis of uti-
lizing the saturation phenomenon. Based on the satu-
ration phenomenon associated with the dynamical sys-
tems with quadratic nonlinearities and a two-to-one in-
ternal resonance, Li et al. [16] considered the effect of
active vibration control on a nonlinear plant subjected
to primary excitation. Their results show that the con-
trol scheme possesses a wide suppression bandwidth
once the frequency of the absorber is properly tuned.
For an active control system, all operations in the
control process are not instantaneous, which implies
that various delays exist inevitably in the real-time
control performance. In fact, these delays may be
caused by measurements of the system states, physical
properties of the equipment applied for control, trans-
port delay, on-line computation, filtering and process-
ing of data, calculating and executing of the control
forces as required in control processing. The goal of
vibration control may not be realized if the delay in the
controlled system is neglected. Thus, the effect of time
delays on a controller should be taken into consider-
ation since they cannot be eliminated even with the
most updated technology [17-20]. On the one hand,
our previous research [21] showed that various delays
could induce instability of a system. It is necessary to
determine the maximum allowable delay value, which
maintains a stable system. Sometimes, control gains
are compensated for overcoming this defect. Guan
[22] studied a gearbox system with time delay. In or-
der to improve the vibration reduction performance of
the control system, the technique of delay compensa-
tion was employed. On the other hand, the time de-
lay has its advantages. It may be used as a “switch”
to control the resonance stability and the amplitude
peak [23, 24]. Furthermore, the time delay is utilized
in the so-called delayed resonator [25, 26] to remove
the linear vibration of a primary system. The delayed
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resonator is easy to implement and only requires one
feedback from the system. However, its operational
frequency is bounded due to the linear absorber. Thus,
Zhao and Xu [27] designed a device which was com-
posed of a delayed resonator and a nonlinear vibration
absorber for the nonlinear vibration suppression of a
two-degree-of-freedom system. This technique offers
a number of attractive advantages in eliminating vi-
brations of a primary system, such as tuning in real
time, wide range of frequencies, perfect total suppres-
sion and simplicity of the control.

In summary, it is essential to consider the effect of
time delays, which exist in a controlled system, on vi-
bration suppression or saturation control. To this end,
a popular controlled system presented in [12] is chosen
as the model of this paper for the convenience of com-
parison. The time delays will be chosen as the vari-
able parameters. As a result, it is demonstrated that the
range of the saturation control can be varied with the
different delays so that the effective frequency band-
width of the saturation control shrinks or is widened.
In the theoretical aspect, this paper also provides the
evidence that the delay has positive and negative ef-
fect on the saturation control.

2 Background of the model

The following equations describe the first-mode vibra-
tion of a cantilever stainless-steel beam together with
the saturation controller:

i1+ 2010111 + wluy = gatiyiiy, (D
iy + 25watin +w§u2

= —2g3waiiy + g1u] + F cos(821), )

where u] denotes the response of the controller, w;
its natural angular frequency, and ¢; its damping ra-
tio, uy represents the response of the controlled sys-
tem, w» its natural frequency close to 2w; and ¢ its
damping ratio. Moreover, g and g are positive gain
constants, i1 15 the feedback signal, u% the control sig-
nal, g3 the velocity feedback gain, —2g3ws 1 the self-
feedback signal, F' the positive coefficient of ampli-
tude corresponding to the external excitation force, 2
the frequency of external excitation, ¢ the time, and
()=d(/dt.

In a real-time vibration-suppression control system,
delays exist in the feedback, control and self-feedback

signals. Obviously, the dynamical behaviors of the
system are influenced by these delays. Thus, it is nec-
essary to include delays in the control system as

ii1 (1) + 25101 (1) + wiu (1)

= gt (N2t — 1), 3)
iin (1) + 2m0a (1) + w3ua(t)

= —2g3waiia(t — 73) + g1ui(t — 11)

+ F cos(£2t), @

where 11, 72 and 73 are the time delays of the control,
feedback and self-feedback signals, respectively.

If the delays are taken into consideration in a con-
trolled system, one of the following two possible cases
will happen in the system: (i) the first mode is not in-
volved in an internal resonance with any of the other
modes or external combination resonance; (ii) the de-
lay induces an internal resonance with the higher vi-
bration modes or external combination resonance. In
this paper, we consider only the first case as the main
interest usually focuses on the control of the first
mode. Therefore, we assume a single-mode dynamics
for the beam.

3 Perturbation analysis

In this section, the method of multiple scales is em-
ployed in the perturbation analysis. A small dimen-
sionless perturbation parameter ¢ (0 < ¢ < 1) is in-
troduced to the equations for bookkeeping only. A fast
scale is characterized by Ty =t with the motion at £2
and a slow scale by 71 = e¢f. We set g3 = €83, §1 =
e¢1, & = ¢l and F = ¢ f so as to have the damping,
nonlinear terms and primary resonance force, respec-
tively, appearing in the same perturbation magnitude.
The method of multiple scales is employed to seek a
second-order approximate solution of (3) and (4) using
the following form:

ui(t, &) = euyy (To, T) + e*urn(To, T +---,  (5)
ur(t,8) = euny (To, T) + eun(To. T)) + -+, (6)
uig (t, &) =cuiiq (To, Tr)
+ &%u1og, (To, T1) + -+, @)
Uz, (1, &) = guzir, (To, T1)
+ %u20,(To, T1) + -, (8)
&\ Springer
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U2, (1, €) = su214,(To, T1)

+ &%u200y (To, T1) + -+ )

The derivatives with respect to time are expressed in
terms of the new scales as

d

L —Dy+eD;+---, 10
5, = DoteDi+ (10)
,

W=D0+28DOD1+”.’ (11)

where Dy =09/0T, k=0, 1.
Substituting (5)—(11) into (3) and (4), and equating
coefficients of like powers of ¢ yield

Order &!:
Dgui1 + wiui =0, (12)
Diuay + w3uzr =0. (13)
Order £2:

Déulz + w%mz
=—2DoDuy; — 28101 Dou 1)
+ g2Dou i1 Douzi,, (14)
D%uzz + w%ugz
= —2DgD1uz1 — 285w Doury + glu%m
—2g3wr Doun 14y + f cos 27Ty. (15)

The solutions of (12) and (13) can be expressed as

upy = A (Tp)e o 4 ce, (16)
us1 = Ax(T1)e' 2™ + ce, (17)

where A and A; are arbitrary functions at this level of
approximation, i = +/—1, and cc denotes the complex
conjugate terms. The external excitation may be given
by

1 .
fcosQT():Efe’QTO—i—cc. (18)

The time delay items can be expressed as

Uiig = Apgy (T 1T~ 4 cc, (19)
Un1r, = Ao, (T1)e! > T07™) 4 cc, (20)
U215y = Aoz (T1)e! >0~ 4 cc. Q21
@ Springer

Expanding Aj;,, Az;, and Ay, into a Taylor series
[28] yields

Ay = ATy —eTy)

= A(Ty) — e AY(T) +- -, (22)
Ag, = Ap(T) — e12)

= Ay(T1) — 02 A5(T1) + -+ -, (23)
Aoy = Ao(Th — €13)

= Ay(T1) — ez A5(T1) +---. (24)

Substituting (16)—(24) into (14) and (15), we obtain

2 2
Dguip + wjurz

— _gzwlsz1A2ei[(w1+w2)To—w212]

+ 820)10)2A1Azei[(wz_wl)To—wzle
—2iw) (A} + &1 AN + cc, (25)
Diuz + wiuz
= g1ATe” 1T 4 g1 A A,

_ 2ig3w%A2eiw2(T0_T3)
1 . .
+ Efe’QTO — 2iwn(AS + Exwp Ar)e' ™0 4 cc,
(26)

where ()’ = 3()/9T;. We are going to consider the pri-
mary and the 1:2 internal resonances since the con-
troller for these cases may absorb the energy.

To describe the nearness of the internal resonance
quantitatively, a detuning parameter o is introduced
as

2w = wy + £0]. (27)

Similarly, the nearness of the external resonance is
represented by a detuning parameter o, defined as

2 =wy +€0s. (28)

Substituting (27) and (28) into (25) and (25), and set-
ting the coefficients of the secular terms to zero yield
the solvability conditions which are given by

—2ia)1(A/1 + 1w Ay)
+ gawiwa A Age i O1TiHe2m) — (29)
—2iwy(Ah + ErwpAa) — 2igaw3 Age 2™

+g1A%ei(O'1T1—2a)1‘rl) + %feicle =0. (30)
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It follows from (29) and (30) that adding the nega-
tive velocity feedback with delay —2g3woiir(t — 13)
in (4) can improve significantly the effective damp-
ing of the system since the internal resonance be-
tween the beam and controller can be activated. Hence,
it can either facilitate the energy transfer, minimize
it, or even completely destabilize the linear system
if the resulting damping turns out to be positive.
We will also see that the resonant region can be
modified since the delay has the effect of phase-
shifting.

Introducing the polar notation A (T}) = %al (Ty) x
T and Ay(Ty) = $ax(T)e!®TD into (29) and
(30), and setting the coefficients of the real and imag-
inary parts to zero yield the modulation equations as

8202

ai =—w&la; + a1a2[—COS¢1 sin(w>12)

+ sin ¢ cos(a)zrz)], (€2))

= —onlEs + g3 contwrz)Je

— 4g_1 [cos ¢1sinQw; 1)

)

1
+ sin ¢ cos(w; T])]a% + Ef singy, (32)
2

01a1 = _§2% [cos @1 cos(wr12)
+ sin ¢ sin(wgrz)]alaz, (33)
81
0,ar = ——>— 2
Hay 20 [cos ¢1cosCwity)

+sin¢; sin(2wlrl)]a%
. 1
+ g3wa sin(wyt3)az — —— f cos ¢y, (34)
207

where ¢1 = 6, — 201 — 0171, 2 = 0211 — 6. Equa-
tions (31)—(34) can also be rewritten as

8202

ay = —wi&ra) + ajaz[—cosg) sin(wz12)
+ sin g cos(wa12)], (33)
ay = —wn[& + g3 cos(wat3) |ar

_ 8 [cos @1 sinRw;T1)
4wy

1
+ sin ¢ Cos(2a)1n)]a% + gf sin ¢y, 36)
2

I + / _
i 5 ¢2a1 _2 > il a + gzj)z [cos @1 cos(wa12)

+ sing; sin(wa12) Jaaz, 37

$rar = oax + LI [cos @1 cos(2wi 1)
4wy
— sin¢ sin(2a)1r1)]a% — g3wy sin(wp13)az

+ Lfcosqsz. (38)
2wo

4 Theoretical analysis of equilibrium solutions

The amplitudes a; and a; are assumed to be posi-
tive here. Equations (35)—(38) may have three possible
equilibrium solutions, given by

Ey(ai,az)

6 f )
2w2\/l02 — g3wy sin(w273) |2 + [£2 + g3 cos(w213) 1203

(39)
Es(ay, az)
o 4 w1 2 o1 —0) 2
= (o () (252 ) o
E3(ay, az2)
N T_ﬁ/ o, Vy (=)
( brVme <w2$l> +< 2m) > A
where
8 .
b= —{[gga)z sin(2w111) cos(wr13)
8182

— g3w2 cosRw T1) sin(w2 13)

+ sinQw  1)& w2 + 02 cosw T1) |

X [(01 — 02) cos(wr12) — 2E 1w sin(w212) ]

+ [gga)z cos(2w111) cos(wrT3)

+ g3w> sin(Rw1 11) sin(wy 13) + &5 cos(Rw 1)
— o3 sin(2wq ‘Cl)]

x [2&101 cos(w212) + (01 — 02) sin(wa 1) |},

(42)
@ Springer
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16 \2 : 2
S T—
8182

+ w% [52 + g3 COS(a)2T3)]2}
412
5

1

x [w%s% + %(02 - 01)2} - (43)

It is obvious that the equilibrium solution Ep al-
ways exists in (35)—(38). The system is in a single-
mode motion if Ej is unique and stable. The equi-
librium solution E, or E3 may occur when E| is un-
stable. Therefore, a coupled-mode motion may occur

in the system. Since a; is independent of the external
amplitude f at E; or E3 when —b — +/b%2 — ¢ > 0 or
—b++/b% — ¢ > 0for b® — ¢ > 0, it follows from (40)
and (41) that the vibration of the controlled or primary
system (4) is saturated. This implies that the satura-
tion phenomenon occurs if and only if E> or E3 exists.
We can easily conclude that if the system has two or
three equilibrium solutions, it is in the saturation con-
trol state. The existence of E; or E3 depends on the
values of b and c. As ¢ > 0, it follows from (43) that
f < F> where F, is defined as

5]

64 !
F= \/—2{[02 — g3 sin(@13)]” + w2[£ + g3 cos(@r3)]’) I:a)%élz + (02— 01)2:|. (44)

For b% — ¢ > 0, we obtain from (42) and (43) that f=>
F| where F) is defined as

‘/4F22 —bzgf
—

Next, we consider the conditions of saturation con-
trol for the two cases: b < 0 and b > 0. For b < 0,
E> and E3 may exist which correspond to two dif-
ferent excitation levels: (i) Ey, E» and Ej3 exist if
Fi < f < Fy; (ii)) E; and Ej3 exist if f > F,. For
b >0, Ey and Ej3 exist if f > F,. Accordingly, the
conditions of a single-mode motion are given for b < 0
and b > 0, respectively. For b < 0, E; exists only if
f < Fp (ie., b —c< 0). For b > 0, the condition for
the existence of Ej only is f < F; (i.e., ¢ > 0). Simi-
larly, the system is in a single-mode motion when only
a single equilibrium solution E| exists.

From the above analysis we can conclude that the
occurrence of the single-mode motion or the satura-
tion motion depends on the value of external ampli-
tude f. The critical value of f is F; for b < 0 and
F> for b > 0. Since F and F; are determined by the
time delays 71, T2 and t3, this suggests that both the
single-mode motion and the saturation control are in-
fluenced by these delays. Thus, it is necessary to ana-
lyze the stability of the equilibrium solutions and the
effect of the delays on the saturation control of the sys-
tem.

F = 45)

@ Springer

5 Stability of equilibrium solutions

The equilibrium solutions in (39)—(41) correspond to
the steady-state solutions of (35)—(38). To determine
their stability, we introduce the Cartesian coordinates

(p1, P2, q1, q2) as

P1=ajcosgy, g1 = aisingy,

(46)
p2 = az cos(¢1 + ¢2), q2 = az sin(¢1 + ¢2).
Using (46), we transform (35)—(38) into

, 1
P1=—w£un—§®2—00m
1 )
— 18202 sin(wz212)(p1p2 + q192)
1
+ 18202 cos(@12)(q1p2 — P192), (47)
, 1
q), = —wi&1q1 + 5(02 —o1)p1
1 )
+ 15202 sin(w212)(q1 P2 — P192)
1
+ —grwz cos(wr2) (P12 + q192), (48)

4

Py = —w62p2 — 0242

1 . 2 2
+ 4—w281 sinQwi71) (g7 — pi)
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_ L g1 cosCwy 1) solutions. The perturbation equations are shown as
2w)
/ ’ ’ T
+ gson[sin(@nts)gs — cos(ant)pa].  @9) AP AL APy Ago)

7} = —wrtaqs + 022 = [J1{Ap1. Aqr. Ap2, Aga)T, (51)

where T denotes transpose of the matrix and [J] is
the Jacobian matrix. The characteristic equation cor-
1 5 5 responding to a fixed equilibrium solution may be ex-
+ 4—60231 cos2wim)(pi — 47) pressed as

— g3 [sin(w2r3)p2 + cos(w2r3)q2]. (50) A+ 50A2+ 830 +84=0, (52)

1 .
— —g1sinQo1T1) p1q1
2w

Equations (47)—(50) are perturbed by a small per- where A denotes eigenvalues of [J] and §1, 87, §3 and
turbation to determine the stability of the equilibrium 384 are coefficients of the equation. The equilibrium so-

Fig. 1 Analytical 1.0
prediction for single r @
mode (I), saturation (IT) and
complex vibrations (III) in 08
(3) and (4): (a) 0 =0.5, L
g3 =0.10; (b) 02 = 0.6, 0.7 |-
g3=-0.10 F
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0.10

Fig. 2 Amplitude—delay
(73) response curve
corresponding to Fig. 1(a)
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lution is stable if and only if the real parts of all eigen-
values are negative and unstable if positive. Following
the Routh—Hurwitz criterion, the necessary and suffi-
cient conditions are given by

81 >0, 8162 — 83 >0,

(53)
83(8182 — 83) — 8384 >0, 84> 0.
Thus, saddle-node bifurcation may happen when
84 =0, (54)
and Hopf bifurcation occurs in the system if

(55)

S YA\ Zyl_ﬂbl

03 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Tj

6 Effect of time delays on saturation control

For a 16.53” x 2.5” x 0.0502” stainless-steel beam,
Pai and Schultz [12] designed a saturation controller
without time delay for suppressing its first-mode
steady-state vibration. In that experimental setup, the
first natural frequency w» and modal damping ratio &,
of the beam with four integrated PZT patches were
obtained using modal testing at w; = 5.85000 Hz
and & = 0.0025. The measured density was
0.286100b/in> and the Young’s modulus was de-
rived to be 2.80000 x 107 psi by matching the mea-
sured first natural frequency with the theoretical one.
u1 and u, represent, respectively, the controller volt-
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Fig. 3 Amplitude—delay 0.10
(73) response curve
corresponding to Fig. 1(b)
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age and the sensor voltage inside the DS1102 con-
troller, shown in Fig. 1 of [12]. g1 and g are the
gains used in the DS1102 controller and f is the in-
put voltage amplitude to the excitation PZT actuator.
The damping ratio &; of the controller was set to zero
to reduce ap in (40) and (41). The other parameters
were derived in [12] using numerical simulation where
g1 =>50.0, g2 =17.5323, f =0.06754, g3 =0.10 or
g3 =—0.10.

The theoretical study on vibration suppression us-
ing saturation control method was discussed in Pai and
Schultz [12] without considering the effect of time de-
lays. For the case of w| = wy/2 (i.e., 01 =0) and 7] =
7o = 13 = 0, the effective frequency bandwidth of the

0.2

03 0.4 0.5
T

3

0.6 0.7 0.8

saturation control can be obtained from (40) and (41),
when —0.493697 < 02 < 0.493697 for g3 = 0.10 and
—0.519015 < 09 < 0.519015 for g3 = —0.10. For 11,
72, 73 # 0, the equilibrium solution can be obtained by
setting p| = ¢; = p, = ¢} = 0in (47)—(50) and using
ai = ,/pl-z + in (i = 1,2). We note that the vibration
of the controlled system can be saturated if and only
if there are at least two stable equilibrium solutions in
the system. To illustrate the fact that the delay may
widen the effective frequency bandwidth of the satu-
ration control, we choose o> = 0.5 for gz = 0.10 and
02 = 0.6 for g3 = —0.10 at which the saturation con-
trol is invalid for the system without delays. Using the
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Fig. 4 Response of the
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conditions of the saturation control together with (54)
and (55), we may easily obtain the valid range of the
saturation control in terms of 7y, 72 and 3. Figure 1
shows the valid regions of the saturation control where
71 = 12, H(,) and SN(,) denote the Hopf and saddle-
node bifurcation points, respectively. The single-mode
motion occurs in range (I). The saturation control can
be realized in range (II). Non-periodic motions are
located in range (III). The existence of range (II) in
Fig. 1 shows that, even through the saturation control
without time delays fails for a specific frequency, ap-
propriate delay values may be chosen so as to bring
the system back to the saturation control. Thus, the ef-
fective frequency bandwidth can be widened. To un-

@ Springer

400

600 800 1000 1200 1400 1600 1800
time(sec)

2000

derstand the details displayed in Fig. 1, we inves-
tigate the amplitude—delay (73) response curves for
71 = 70 = 0.5 in Figs. 2 and 3 which correspond to
(a) and (b) in Fig. 1. Here, HD(.) are the boundary
points to distinguish those unstable foci from other un-
stable equilibria. The solid line, dot with black and dot
with blank represent stable solutions, unstable foci and
other unstable solutions predicted from (46)—(55), re-
spectively.

It follows from Fig. 1 that the system is tuned into
the range of the saturation control when 73 is between
SN; and H;. Correspondingly, the system has two
equilibrium solutions, E; and E3. Within this range,
the amplitude of the controller a; increases with 3.
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Fig. 5 Response of the 10
controlled system in the I (@
range of unstable control &
when 73 = 0.2
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This shows that the energy added is absorbed by the
controller so that the vibration of the beam is satu-
rated. In Fig. 2(b), the amplitude of the beam a; is
constant when 73 is between SN; and H;. However,
when a; reaches the value at Hj, the periodic solu-
tion loses its stability in a Hopf bifurcation. Then,
complex motions emerge in the system and the satu-
ration control for the vibration of the beam becomes
invalid. The system is still in a single-mode motion
when 73 is before SN or after Hp. However, as pre-
dicted from the theoretical analysis, the system has
only one equilibrium solution E; in these two inter-
vals. The saturation control cannot be realized since

6 8 10 12 14 16 18 20 22 24
time(sec)

the amplitude of the beam increases linearly with the
excitation. A similar phenomenon is also observed in
Fig. 3. The effective frequency bandwidth of the sat-
uration control can be calculated from (40) and (41)
for a fixed value of 73. For instance, for g3 = 0.10, the
effective frequency bandwidth of the saturation con-
trol is —0.337235 < 07 < 0.665978 when 13 = 0.15.
For g3 = —0.10, the effective frequency bandwidth is
—0.395586 < 07 < 0.704506 when t3 = 0.7. Compar-
ing with (1) and (2) where 7; =0 (i =1, 2, 3), the ef-
fective frequency bandwidths are wider in both cases.

To verify the above analytical prediction, we com-
pute the solution of (3) and (4) numerically under

@ Springer
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Fig. 6 Response of the
controlled beam for
different values of 73:
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the initial conditions given by u1(0) = u2(0) = 1074,
1(0) = i2(0) = 1074, w1 (1) = ua(1) = 0, i1 (1) =
uy(t) =0 for t € [—7,0). All the numerical results
are labeled with the star symbol in Figs. 2 and 3.
For instance, the analytical prediction in Figs. 2(a)
and 2(b) shows that the saturation control is achieved
for 73 = 0.15, but fails when t3 = 0.2. The numeri-
cal simulation validates such predictions both quanti-
tatively and qualitatively, as shown in Figs. 4 and 5.
Therefore, the numerical simulation is in agreement
with the analytical prediction.

Next, we investigate the effect of delays on the dy-
namics of the controlled beam when the saturation
control is invalid. In fact, an appropriate choice of 3
may still be used for vibration suppression of the con-

@ Springer

400
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time(sec)

2000

trolled beam even when t3 is between H; and Hj in
Fig. 2. Based on (3) and (4), Figs. 6(a) and 6(b) show
numerically the response of the controlled beam for
73 = 0.3 and 73 = 0.6, respectively. We note that the
amplitude of the beam is around 0.005 in Fig. 6(a) and
0.01 in Fig. 6(b). It indicates that a minimal value of
the amplitude in the controlled beam can be achieved
by tuning 73 even if the system is in a single-mode mo-
tion. This suggests that 73 may be considered as a con-
trolling parameter for the amplitude of the controlled
beam.

All results mentioned above indicate that the de-
lays have positive effect on either the saturation con-
trol or the vibration suppression. However, lager value
of the delays may also cause negative effect on the
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controlled system [11]. The vibration of the controlled
beam can be saturated at o = 0.45 for both g3 =0.10
and gz = —0.10 when 71 = 1p = 13 = 0. However,
when 1) = 7, = 1, the saturation control is invalid
even for 73 = 0 (see Fig. 7 for g3 = 0.10 and Fig. § for
g3 = —0.10). Although an increase in 73 ensures that
the vibration will return to the saturation state, the ef-
fective frequency bandwidth of the saturation control
may shrink at the same time. For instance, for g3 =
—0.10, 73 = 0.6 is in the valid range of the satura-
tion control as shown in Fig. 8. However, the effective
frequency bandwidth is —0.367623 < 05 < 0.477101
which is narrower than that without the time delays.
Therefore, large delays may lead to shrinkage in the

0.2

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

T_z

effective frequency bandwidth of the saturation con-
trol.

7 Conclusion and discussion

The saturation phenomenon is utilized to control the
amplitude of the vibration of a stainless-steel beam by
using a second-order controller with three delays. This
paper focuses on the effect of these delays on the sat-
uration control strategy both qualitatively and quanti-
tatively. The results are summarized as follows.

(1) The approximate analytical solutions of the de-
layed system are obtained by the method of multi-

@ Springer
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ple scales. The analytical predictions are in agree-
ment with those obtained from numerical simula-
tion both quantitatively and qualitatively.

The range of the saturation control can be changed
using the time delays. The effective frequency

2)

bandwidth of the saturation control may either
shrink or be widened. It depends on the choice of
the time delays.
(3) A frequency in the single-mode motion may be
tuned into the range of the saturation control if ap-
propriate values of time delays are chosen.
“)

A frequency in the saturation control may be tuned
into_the single-mode motion when_the time de-

@ Springer

lay arisen from self-feedback signal is used as the
control parameter.

(5) Time delays may be considered as controlling pa-
rameters for suppressing the vibration of the con-
trolled beam.

Finally, we give a brief discussion to end the paper.
Figure 1 shows various stability regions in the con-
trolled system for different g3 values in the linear self-
feedback gain. Such results may somehow tie in with
the linear stability analysis of the system when the gain
and the delay in the linear feedback —2g3wyiir (f — )
are considered as variable parameters. Usually, a lin-
ear stability analysis of the delayed system can help to
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Fig. 9 Stability regions in
the linearized system
corresponding to (3) and (4)
for (a) 0o =0.5,

(b) o2 = 0.6, where region
(I) represents the stable
periodic solution of the
beam and region (III) the
complex motions
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gain a deeper insight into the problem, especially when
large delays are utilized. Figure 9 shows the stability
regions of the solution of u; for the linearized system
corresponding to (3) and (4), where the parameters are
the same as those in Fig. 1. It follows from Fig. 9 that
the stable periodic solution of the beam can also occur
in the system even for a large delay. This provides the
possibility that a large delay can be utilized. Unfortu-
nately, the saturation control is not achievable. This is
because the linearized system corresponding to (3) and

0.8 0.9

(4) consists of two independent subsystems so that the
controller has no effect on the beam. When the con-
troller is coupled onto the beam, the regions of the sat-
uration control can be found in the parameter plane as
shown in Fig. 10. This suggests that the saturating re-
gion occurs in the system not only for a small delay
but also for a large delay, which exhibits an attractive
feature on the delayed control.
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Fig. 10 Analytical L0
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